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We review the method of blocking of topological defects from continuum used as
a non–perturbative tool to construct effective actions for these defects. The actions
are formulated in the continuum limit while the couplings of these actions can be
derived from simple observables calculated numerically on lattices with a finite lattice
spacing. We demonstrate the success of the method in deriving the effective actions
for Abelian monopoles in the pure SU(2) gauge models in an Abelian gauge. In
particular, we discuss the gluodynamics in three and four space–time dimensions at
zero and non–zero temperatures. Besides the action the quantities of our interest
are the monopole density, the magnetic Debye mass and the monopole condensate.
PACS numbers: 11.15.Ha,14.80.Hv,11.10.Wx
I. INTRODUCTION
The blocking from continuum (BFC) is a well–known tool to construct the ”perfect
actions” for lattice field theories [1]. By definition a perfect lattice action does not depend
on the cut-off parameter which is usually associated with the finite lattice spacing. The cut-
off dependence provides a systematic error in the lattice observables which is of the order
of the lattice spacing for the standard Wilson action. The various improvement schemes [2]
are used to decrease the cut–off influence on the lattice results, and the BFC method [1] is
one of the practically useful tools used in the lattice simulations nowadays.
Although the main idea of introducing the BFC is to reduce the systematic errors in the
numerical simulations, a philosophically similar method can be applied to various topolog-
ical defects. As a result one can derive effective actions for the defects in the continuum
limit using results of the lattice simulations obtained on lattices with finite lattice spacings.
This short review is devoted to a demonstration of success of the method applied to the
Abelian monopoles in the lattice gluodynamics in three dimensions (where the monopoles
are instanton–like objects) and in four dimensions (where the monopoles are particle–like
defects) following Refs. [3, 4, 5]. One should stress from the very beginning that the method
is quite general and is not limited to the lattice monopoles only.
First, let us remind basics of the BFC method for field degrees of freedom. A simplest
way to associate, say, a continuum free fermion field, ψ(x), with a lattice fermion field, Ψs,
is [1]:
Ψs =
∫
Cs
d4xψ(x) , Ψ¯s =
∫
Cs
d4x ψ¯(x) , (1)
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2where the integration is carried out over the lattice hypercube, Cs, centered in the lattice
point s (we will come to the precise definition of Cs later). Equations (1) can then be
inserted into the partition function as the δ–function constraint. To complete the procedure
of blocking the continuum fields ψ(x) should be integrated out leaving us with the partition
function depending solely on the lattice fields Ψs. Similar relations can also be written for
the gauge fields etc.. We refer a reader interested in the blocking of fields to the original
articles switching at this point to the blocking of the topological defects.
Suppose, that we have a (gauge) model which describes topological defects, say, for
definiteness, monopoles. In four space–time dimensions (4D) the monopole is a particle-like
object (i.e., its trajectory is line–like), and the monopole charge is quantized and conserved
(i.e., the monopole trajectories are closed loops). Obviously, basic requirements to the
topological BFC procedure should be the following: (i) the procedure should provide us
with the configuration of the lattice monopole currents for a given configuration of the
continuum monopole currents; (ii) the lattice monopole currents must be closed; (iii) the
lattice magnetic charge for such monopoles must be quantized. We show below that one may
write a blocking relation similar (but, in general, not identical) to Eq. (1), which associates
the lattice and the continuum monopole charges and preserves their basic properties. We
insert this relation into the partition function in a form of the δ–function constraint, integrate
out the continuum degrees of freedom and get the lattice model which contains only the
lattice monopole currents. Using the BFC method one can also get analytical formulae for
various lattice observables expressed through the parameters of the continuum model. A
comparison of the numerical data for such observables with the corresponding analytical
expressions provides us with the parameters of the monopole action in the continuum. Note
that the blocking of the topological defects from the continuum to the lattice is similar to
ideas of Refs. [6, 7] which discussed theoretically the blocking of the monopoles from fine
lattices to coarse lattices.
Below we describe how the method works for the Abelian monopoles in SU(2) gluody-
namics. Many monopole observables have been calculated numerically [8]. Even an almost
perfect monopole action on the lattice has been determined (in a truncated form) using an
inverse Monte–Carlo method [9]. However, the correctness of the truncation, or, in other
words, the correct form of the perfect lattice action is not known. The BFC method allows
us to find couplings of the (truncated) perfect monopole action in the continuum, estimate
the error of the truncation, and to obtain certain non–perturbative quantities. Our interest
in the physics of the Abelian monopoles in the non–Abelian pure gauge theories is stimu-
lated by the relation of the monopole dynamics to the one of the most important problems of
QCD, the confinement of color. One popular approach to this problem is the so–called dual
superconductor mechanism [10] (for a review of another interesting approach, the vacuum
correlator method, see Ref. [11]). The key role in the dual superconductor mechanism is
played by Abelian monopoles which are identified with the help of the Abelian projection
method [12]. The basic idea behind the Abelian projections is to fix partially the non–
Abelian gauge symmetry up to an Abelian subgroup. For SU(N) gauge theories the residual
Abelian symmetry group is compact since the original non-Abelian group is compact as
well. The Abelian monopoles arise naturally due to the compactness of the residual gauge
subgroup.
The Abelian monopoles are not present in QCD from the beginning: they are not solutions
to the classical equation of motion of this theory. However, the monopoles may be considered
as effective degrees of freedom which are responsible for confinement of quarks. According to
3the numerical results [13] the monopoles are condensed in the low temperature (confinement)
phase. The condensation of the monopoles leads to formation of the chromoelectric string
due to the dual Meissner effect. As a result the fundamental sources of chromoelectric field,
quarks, are confined by the string. The importance of the Abelian monopoles is also stressed
by the existence [14] of the Abelian dominance phenomena which were first observed in the
lattice SU(2) gluodynamics: the monopoles in the so-called Maximal Abelian projection [15]
make a dominant contribution to the zero temperature string tension.
In the deconfinement phase (high temperatures) the monopoles are not condensed and
the quarks are liberated. This does not mean, however, that monopoles do not play a
role in non-perturbative physics. It is known that in the deconfinement phase the vacuum
is dominated by static monopoles (which run along the ”temperature” direction in the
Euclidean theory) while monopoles running in spatial directions are suppressed. The static
monopoles should contribute to the ”spatial string tension” – a coefficient in front of the
area term of large spatial Wilson loops. And, according to numerical simulations in the
deconfinement phase [16], the monopoles make a dominant contribution to the spatial string
tension. Thus, the monopoles may play an important role not only in the low temperatures
but also in the high temperature phase.
We refer a reader to Ref. [8] for a review on the Abelian projections and the dual super-
conductor models in non-Abelian gauge theories.
The structure of the paper is as follows. In Section II we describe the BFC method in the
simplest three–dimensional (3D) case. Assuming that in the continuum the monopole action
is of the Coulomb form we derive the lattice monopole action and the lattice density of the
(squared) monopole charges. In Section III we apply the BFC procedure to the Abelian
monopoles in the four–dimensional SU(2) gauge theory. Assuming that the monopoles
are described by the dual Ginzburg–Landau model one can get an analytical form for the
quadratic monopole action on the lattice.
Then in Section IV we compare the analytical formulae with the corresponding numerical
data obtained in the three dimensional SU(2) gauge model. As a result we get the density
of the monopoles and the monopole contribution to the magnetic screening length in the
continuum limit of this model. We show that the results obtained with the help of the BFC
method are in agreement with the results of other (independent) calculations. In Section V
we apply the 3D BFC method to the temporal components of the monopole currents in
SU(2) gauge model in the four space–time dimensions at high temperature. This gives us a
numerical value of the product of the Abelian magnetic screening mass and the monopole
density in the continuum model. The self–consistency check shows that the dynamics of
the static monopole currents can be described by the Coulomb gas model starting from the
temperatures T >∼ 2.5Tc.
Finally, in Section VI we get the value of the monopole condensate in the continuum
using the 4D BFC method. This value is in agreement with the results obtained with the
help of other methods. Our conclusion in presented in the last Section.
II. BLOCKING IN THREE DIMENSIONS
It is instructive to start the description of the BFC method from the simplest three–
dimensional case. In three dimensions the Abelian monopoles are point–like objects char-
acterized by a position, x, and the magnetic charge, q (measured in units of a fundamental
magnetic charge, gM). The simplest model possessing the monopoles is the 3D compact
4quantum electrodynamics (cQED3)in which the monopole action is given by the 3D Coulomb
gas model [17]:
Z =
∞∑
N=0
ζN
N !
[
N∏
a=1
∫
d3x(a)
∑
qa=±1
]
exp
{
−g
2
M
2
N∑
a,b=1
a6=b
qaqbD(x
(a) − x(b))
}
. (2)
The Coulomb interaction in Eq.(2) is represented by the inverse Laplacian D: −∂2iD(x) =
δ(3)(x), and the latin indices a, b label different monopoles. To get analytical expressions
below we make a standard assumption that the density of the monopoles is low. The
monopole charges therefore are restricted by the condition |qa| ≤ 1 which means that the
monopoles do not overlap. The average monopole density ρ is controlled by the fugacity
parameter ζ , giving ρ = 2ζ in the leading order of the dilute gas approximation [17]
The magnetic charges in the Coulomb gas (2) are screened: at large distances the two–
point charge correlation function is exponentially suppressed, 〈ρ(x)ρ(y)〉 ∼ exp{−|x − y|/
λD}. Here λD is the Debye screening length [17],
λD =
1
gM
√
ρ
. (3)
The three dimensional Debye screening length corresponds to a magnetic screening in four
dimensions. Below we choose the vacuum expectation value of the continuum monopole
density ρ and the Debye screening length λD as suitable parameters of the continuum model
(instead of gM and ζ).
Next, let us consider a lattice with a finite lattice spacing b which is embedded in the
continuum space-time. The cells of the lattice are defined as follows:
Cs =
{
b
(
si − 1
2
)
≤ xi ≤ b
(
si +
1
2
)
, i = 1, 2, 3
}
, (4)
where si is the lattice dimensionless coordinate and xi corresponds to the continuum coor-
dinate.
The basic idea of the BFC method is to treat each lattice 3D cell as a ”detector” of the
magnetic charges of the continuum monopoles. The relation between the lattice magnetic
charge ks and the density of the continuum monopoles ρ(x) is
1
ks =
∫
Cs
d3x ρ(x) , ρ(x) =
∑
a
qa δ
(a)(x− x(a)) , (5)
see an illustration in Figure 1. The fluctuations of the monopole charges of the lattice
cells must depend on the properties of the continuum monopoles. As a result, the lattice
observables – such as the vacuum expectation value of the lattice monopole density – must
carry information about dynamics of the continuum monopoles. The observables should
depend not only on the size of the lattice cell, b, but also on the features of the continuum
model which describes the monopole dynamics.
1 This relation is similar to the blocking of the continuum fields (1). In the four dimensions this similarity
disappears.
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FIG. 1: Blocking of the continuum monopoles to the lattice in three dimensions. The charge of the
lattice monopole in the cube C is given by the total magnetic charge of the continuum monopoles
inside this cube.
It is worth stressing the difference between the continuum and the lattice monopoles: the
continuum monopoles are fundamental point–like objects2 while the lattice monopoles are
associated with the finite–sized lattice cells with non-vanishing total magnetic charge.
According to definitions (5), the lattice monopole charge shares similar properties to
the continuum monopole charge. The monopole charge ks is quantized, ks ∈ ZZ, and it is
conserved in the three-dimensional sense:
∑
s∈Λ
ks ≡
∫
V
d3x ρ(x) = 0 , (6)
if the continuum charge is conserved. Here Λ and V denote the lattice and the continuum
volume occupied by the lattice, respectively. In other words, the total magnetic charge of the
lattice monopole configuration is zero on a finite lattice with periodic boundary conditions.
In next two subsections we follow Ref. [3] presenting in the BFC approach the simplest
quantities characterizing the lattice monopoles: the monopole action Smon(k) and the vac-
uum expectation value of the squared magnetic charge, 〈k2s〉.
A. Monopole action in 3D
To derive the lattice monopole action we substitute the unity,
1 =
∑
k(Λ)∈ZZ
∏
s∈Λ
δΛ
(
ks −
∫
Cs
d3x ρ(x)
)
, (7)
2 In fact the Abelian SU(2) monopoles have a finite core [18] of the order of 0.06 fm, which is neglected in
our approach.
6into Eq.(2). Here
∑
k(Λ)∈ZZ ≡
∏
s∈Λ
∑
ks∈ZZ and δΛ stands here for the Kronecker symbol (i.e.,
lattice δ–function). We get
Z = ∑
k(Λ)∈ZZ
∞∑
N=0
ζN
N !
[
N∏
a=1
∫
d3x(a)
∑
qa=±1
] pi∫
−pi
DΛh
∫
Dχ exp
{
−
∫
d3x
[ 1
2g2M
(∂iχ(x))
2
+iρ(x)
(
χ(x)−∑
s∈Λ
θs(x)hs
)
+ i
∑
s∈Λ
kshs
]}
, (8)
where we have introduced two additional integrations over the continuum field χ and the
compact lattice field h to represent the inverse Laplacian in Eq.(2) and the Kronecker symbol
in Eq.(7), respectively. The subscript Λ in DΛh indicates that the integration is going over
the lattice fields h. The representative function of the sth lattice cell is denoted as θs:
θs(x) =
{
1 , x ∈ Cs ,
0 , otherwise .
(9)
Summing over the monopole position according to Ref. [17], expanding the cosine function
over the small fluctuations in the fields χ and h, and integrating over these fields we get the
monopole action:
Streemon(k) =
1
4ζb3
∑
s,s′
ksFs,s′ks′ . (10)
where
F−1s,s′ = δs,s′ −m2Db2Gs,s′ , (11)
Gs,s′ = 1
b5
∫
d3x
∫
d3yθs(x)DmD(x− y) θs′(y) , (12)
and DmD is the scalar propagator for a massive particle, (−∂2i +m2)Dm(x) = δ(3)(x), with
the Debye mass m = mD ≡ λ−1D . Note that the lattice operators F and G are dimensionless
quantities.
In the infinite lattice case Eq. (11) can be rewritten as follows
Fs,s′ =
pi∫
−pi
d3u
(2π)3
[ ∑
r(Λ)∈ZZ
3∑
i=1
4 sin2(ui/2)
(~u+ 2π~r)2 + µ2
3∏
j=1
j 6=i
(
2 sin(uj/2)
uj + 2πrj
)2]−1
· ei(s−s′,u) . (13)
where
µ = b/λD , (14)
The finite–volume expression for the monopole action can be obtained from Eq.(13) by the
standard substitution:
ui → 2πki
Li
, k = 0 , 1 , . . .Li − 1 ,
pi∫
−pi
dui
2π
→ 1
Li
Li−1∑
ki=0
, (15)
where Li is the lattice size in i
th direction.
7In the infinite–volume case the lattice operator Fs,s′ depends only on the dimensionless
quantity µ, Eq.(14), which is the ratio of the monopole size b and the Debye screening length,
Eq.(3). The form of the operator F is qualitatively different in the limits of small and large
µ. Namely, the leading contribution to the monopole action is given by the mass (Coulomb)
terms for small (large) lattice monopoles [3]:
Smon(k) =


1
4ρ
· 1
b3
·∑
s
k2s + · · · , b≪ λD ;
1
ρ λD
· 1
b2
· ∑
s,s′
ksDs,s′ ks′ + · · · , b≫ λD , (16)
where Ds,s′ is the inverse Laplacian on the lattice. Thus the Debye length λD sets a scale for
the lattice monopole size (or, better to say, for the size of the lattice cell) which characterizes
different behavior of the monopole action.
B. Squared monopole density in 3D
The simplest quantity characterizing the lattice monopoles is the monopole density ρlatt(b)
measured in the lattice units
ρlatt(b) =
1
L3
〈∑
s∈Λ
|ks|〉 , (17)
where L is the lattice size in units of b. However, analytically it is more easier to calculate
the density of the squared monopole charges,
〈k2(b)〉 = 1
L3
〈∑
s∈Λ
k2(s)〉 , (18)
which has a similar physical meaning to the monopole density.
Using Eq.(5) the lattice density (18) can be written in the continuum theory as follows:
〈k2(b)〉 =
∫
Cs
d3x
∫
Cs
d3y 〈ρ(x) ρ(y)〉 , (19)
where the lattice site s is fixed and the average is taken in the Coulomb gas of the magnetic
monopoles described by the partition function (2).
The correlator of the monopole densities, 〈ρ(x) ρ(y)〉, is well known from Ref. [17]. In-
troducing the source for the magnetic monopole density, J , Eq.(19) can be rewritten as
follows:
〈k2〉 = −
∫
Cs
d3x
∫
Cs
d3y
δ2
δJ(x) δJ(y)
< exp
{
i
∫
d3zρ(z) J(z)
}
>
∣∣∣∣∣
J=0
. (20)
Then we repeat the transformations in the previous Section which led us to Eqs.(10),(13).
Integrating over quadratic fluctuations of the field χ we get in the leading order
〈ρ(x) ρ(y)〉 = ρ
[
δ(3)(x− y)−m2DDmD(x− y)
]
. (21)
Substituting Eq.(21) in Eq.(19) and taking the integrals over the cell Cs we get
〈k2〉 = ρ b3 (F−1)0,0(µ) , (22)
8where the inverse matrix Fs,s′ is given by Eq.(11). Equation (22) establishes a direct relation
between the density of the squared monopole charges and the monopole action (10) in a
leading approximation of the dilute gas.
The squared monopole charge satisfies the following:
〈k2〉 =

 C1 ρ λD b
2 ·
[
1 +O
(
(λD/b)
2
)]
, b≫ λD ,
ρ b3 ·
[
1 + C2 ρ (b/λD)
2 +O
(
(b/λD)
4
)]
, b≪ λD .
(23)
where C1 ≈ 2.94 and C2 ≈ 0.148 in the infinite lattice case.
Equation (23) can qualitatively be understood as follows. In the small b region the
density of the squared lattice monopole charges is equal to the density of the continuum
monopoles times the volume of the cell. This is natural, since the smaller volume of the
lattice cell (V ol = b3) the smaller chance for two monopoles to be located at the same cell.
Therefore each cell predominantly contains not more that one monopole, which leads to the
relation k2s = |ks| = 0, 1. As a result we get 〈k2〉 → ρlatt(b) → ρ b3 in the limit b → 0.
In the large-b region correlations between monopoles start to play a role. The monopoles
separated from the boundary of the cell by a distance larger than λD, do not contribute
to 〈k2〉. Consequently, the b3 proportionality for the random gas turns into λDb2 in the
Coulomb gas and we get 〈k2〉 ∼ ρ λD b2.
Finally, let us mention interesting relations between the density of the small– and large–
sized monopoles and the coefficients in front of, respectively, the Coulomb terms and the
mass terms of the monopole action, Eqs. (16),(23):
C(b) =
C1
〈k2(b)〉 , b≫ λD , and M(b) =
1
4 〈k2(b)〉 , b≪ λD . (24)
III. BLOCKING IN FOUR DIMENSIONS
In four space–time dimensions the monopole trajectories are closed loops. Let us superim-
pose a cubic lattice with the lattice spacing b on a particular configuration of the monopoles.
Each of the (oriented) lattice 3D cells can be characterized by an integer magnetic charge
it contains. Thus we can relate the continuum configuration of the monopoles to the lattice
configuration. The three-dimensional cubes are defined as follows:
Cs,µ =
{
b
(
sν − 1
2
)
≤ xν ≤ b
(
sν +
1
2
)
for ν 6= µ ; and xµ = bsµ
}
, (25)
where sν is the dimensionless lattice coordinate of the lattice cube Cs,µ and xν is the con-
tinuum coordinate. The direction of the 3D cube in the 4D space is defined by the Lorentz
index µ.
The monopole charge KC inside the lattice cube Cs,µ is equal to the total charge of the
continuum monopoles, k, which pass through this cube. Geometrically, the total monopole
corresponds to the linking number between the cube C and the monopole trajectories,
k (an illustration is presented in Fig. 2). The mutual orientation of the cube and the
monopole trajectory is obviously important. The corresponding mathematical expression
for the monopole charge KC inside the cube C is a generalization of the Gauss linking
9k
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FIG. 2: Blocking of the continuum monopoles to the lattice in four dimensions. The lattice
monopole charge is equal to the linking number of the monopole trajectory, k, with the surface of
the three–dimensional cube C.
number to the four dimensional space–time [5]:
KC(k) ≡ IL(∂C, k) = 1
2
∫
d4x
∫
d4y ǫµναβ Σ
∂C
µν (x) kα(y) ∂βD(4)(x− y)
=
1
4π2
∫
d4x
∫
d4y ǫµναβ Σ
∂C
µν (x) kα(y)
(x− y)β
|x− y|4 . (26)
Here the function Σ∂Cµν (x) is the two–dimensional δ–function representing the boundary ∂C
of the cube C. In general form it can be written as follows:
Σαβ(x) =
∫
Σ
dτ1dτ2
x[α,(~τ)
∂τa
xβ](~τ )
∂τb
δ(4)[x− x˜(~τ)] , (27)
where the four dimensional vector x˜(~τ) parameterizes the position of the two–dimensional
surface Σ. The function D(4) in Eq. (26) is the inverse Laplacian in four dimensions,
∂2µD(4)(x) = δ(4)(x). It is obvious that the lattice currents Ks,µ are closed
∂′K = 0 , (28)
due to the conservation of the continuum monopole charge, ∂µkµ = 0. In Eq. (28) the symbol
∂′ denotes the backward derivative on the lattice.
Following Ref. [5] we derive the lattice monopole action starting from a particular model
for the monopole currents. We consider the model dual superconductor the partition function
of which can be written as a sum over the monopole trajectories:
Zmon =
∫
ΣDk
∫
DB exp
{
−
∫
d4x
[ 1
4g2
F 2µν + ikµ(x)Bµ(x)
]
− Sint(k)
}
, (29)
10
where Fµν = ∂µBν − ∂νBµ is the field stress tensor of the dual gauge field Bµ, and Sint(k) is
the action of the closed monopole currents k,
kµ(x) =
∮
dτ
∂x˜µ(τ)
∂τ
δ(4)[x− x˜(τ)] . (30)
Here the 4D vector function x˜µ(τ) defines the trajectory of the monopole current. In Eq. (29)
the integration is carried out over the dual gauge fields and over all possible monopole
trajectories (the sum over disconnected parts of the monopole trajectories is also implicitly
assumed).
The action in Eq. (29) contains three parts: the kinetic term for the dual gauge field, the
interaction of the dual gauge field with the monopole current and the self–interaction of the
monopole currents. The integration over the monopole trajectories gives the Lagrangian of
the dual Abelian Higgs model [19]:
Zmon ∝ ZDAHM =
∫
DΦ
∫
DB exp
{
−
∫
d4x
[ 1
4g2
F 2µν +
1
2
|(∂µ + iBµ)Φ|2 + V (Φ)
}
, (31)
where Φ is a complex monopole field. The self–interactions of the monopole trajectories
described by the action Sint in Eq. (29) lead to the self–interaction of the monopole field
Φ described by the potential term V (Φ) in Eq. (31). This model is nothing but the usual
Ginzburg–Landau model written for the dual fields Φ and Bµ.
Similarly to the three dimensional case let us rewrite the dual superconductor model (31)
in terms of the lattice currents KC , Eq. (26). To this end we insert the unity,
1 =
∑
KC∈ZZ
∏
C
δ
(
KC − IL(∂C, k)
)
, (32)
into the partition function (29) (here δ represents the Kronecker symbol). Then we integrate
the continuum degrees of freedom, kµ and Bµ, getting the partition function in terms of the
lattice charges KC . The simplest way to do so is to represent the product of the Kronecker
symbols in Eq. (32) in terms of the integrals,
1 =
∑
KC∈ZZ
[∏
C
∞∫
−∞
dθC
]
exp
{
i
∑
C
θC KC − i
∫
d4x kµ(x)B˜µ(θ; x)
}
, (33)
where
B˜µ(θ; x) =
1
2
∫
d4y ǫµναβ ∂νD(4)(x− y)
∑
C
θC Σ
∂C
αβ (y) . (34)
To derive Eqs. (33),(34) from Eq. (32) we have used relation (26).
Substituting Eq. (33) into Eq. (29) we get:
Zmon =
∫
ΣDk
∫
DB ∑
KC∈ZZ
[∏
C
∞∫
−∞
dθC
]
exp
{
i
∑
C
θC KC
−
∫
d4
[ 1
4g2
F 2µν + ikµ(x)
(
Bµ(x) + B˜µ(θ; x)
)]
− Sint(k)
}
. (35)
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One can see that the substitution of the unity (33) effectively shifts the gauge field in the
interaction term with the monopole current, Bµ → Bµ+ B˜µ. Therefore the integration over
the monopole trajectories, kµ, in Eq. (35) is very similar to the integration which relates
Eq. (29) and Eq. (31). Thus, we get:
Zmon ∝ ZDAHM =
∫
DΦ
∫
DB ∑
KC∈ZZ
[∏
C
∞∫
−∞
dθC
]
exp
{
i
∑
C
θC KC
−
∫
d4x
[ 1
4g2
F 2µν +
1
2
∣∣∣[∂µ + i(Bµ(x) + B˜µ(θ; x))]Φ∣∣∣2 + V (Φ)]} .(36)
Next we rewrite the continuum dual superconductor model in terms of the lattice
monopole currents, K:
ZDAHM =
∑
Kx,µ∈ZZ
e−Smon(K) , (37)
where the monopole action is defined via the lattice Fourier transformation:
e−Smon(K) =
∞∫
−∞
DθC exp
{
−S˜(θ) + i(θ,K)
}
. (38)
Here the action S˜(θ) of the compact lattice fields θ is expressed in terms of the dual Abelian
Higgs model in the continuum:
e−S˜(θ)=
∫
DΦ
∫
DB exp
{
−
∫
d4x
[ 1
4g2
F 2µν +
1
2
∣∣∣[∂µ + i(Bµ + B˜µ(θ))]Φ∣∣∣2 + V (Φ)]} . (39)
An exact integration over the monopole, Φ, and dual gauge gluon, Bµ, fields in Eq. (39)
is impossible in a general case. Let us however consider the quadratic part of the monopole
action. Neglecting the quantum fluctuations of the monopole field we work in a mean field
approximation with respect to this field, Φ→ 〈Φ〉:
e−S˜(θ)=
∫
DB exp
{
−
∫
d4x
[ 1
4g2
F 2µν +
η2
2
(
Bµ + B˜µ(θ)
)2]}
, (40)
where η = |〈Φ〉| is the monopole condensate.
The Gaussian integration over the dual gauge field can be done explicitly. In momentum
space the effective action (up to an irrelevant additive constant) reads as follows:
S˜(θ) =
η2
2
∫
d4p
(2π)4
B˜µ(θ, p)
p2δµν − pµpν
p2 +M2B
B˜ν(θ,−p) , (41)
where B˜µ(θ, p) is related to the field B˜µ(θ, x), given in Eq. (34), by a continuum Fourier
transformation:
B˜µ(θ, p) =
b3
p2
∑
s,α
[p2 δµαQα(pb)− pµpαQα(pb)]e−ib(p,s) θs,α , (42)
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with
Qµ(x) =
∏
ν 6=µ
sin xν/2
xν/2
. (43)
To get Eq. (42) from Eq. (34) we notice that
1
2
ǫµναβ Σ
∂C
αβ (x) = ∂[µ, V
C
ν] (x) , (44)
where V Cµ is the characteristic function of the lattice cell Cs,µ. Namely, the characteristic
function of the 3D cube with the lattice coordinate sµ and the direction α is
Vµ(Cs,α, x) = δµ,α δ(xα − bsα)
∏
γ 6=α
Θ(b(sγ + 1/2)− xγ) ·Θ(xγ − b(sγ − 1/2)) , (45)
where Θ(x) is the Heaviside function. The Fourier transform of the function (45) is
Vµ(Cx,α, p) = δµ,α b
3Qα(pb) e
−ib(p,s) . (46)
Integrating all variables but the lattice monopole field Ks,µ we get the quadratic monopole
action:
Smon(K) =
∑
s,s′
∑
α,α′
Ks,α Sss′,αα′ Ks′,α′ , Sss′,αα′ = 1
2 η2b2
Fss′,αα′ , (47)
where
F−1ss′,αα′ =
∫
d4q
(2π)4
q2δαα′ − qαqα′
q2 + µ2
Qα(q)Qα′(q) e
iq(s′−s) , (48)
and
µ =MB b . (49)
In the µ→∞ limit the leading contribution to the operator F can be found explicitly:
Sss′,αα′ = 2π
η2b2 Γ
· δαα′δsα,s′α ·
∑
cyclic
i,j,k 6=α
∆siδsjδsk , (50)
where Γ ≡ Γ(0, tUVM2B b2), D(3)α (~s⊥) is the three-dimensional Laplacian acting in a times-
lice perpendicular to the direction αˆ, δs is the Kronecker symbol, ∆s ≡ D(1)(s) is the
one–dimensional Laplacian operator (double derivative), Γ(a, x) is the incomplete gamma
function and tUV is an ultraviolet cutoff.
IV. MONOPOLE DENSITY AND (MAGNETIC) DEBYE MASS IN 3D
GLUODYNAMICS
A. Technical details of numerical simulations
In the next three sections we are discussing numerical results for the Abelian monopoles in
the SU(2) gauge model. These monopoles obviously possess much more non–trivial dynamics
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than the monopoles in the simplest case of the cQED. Nevertheless, we show below that in
a certain limit the dynamics of the Abelian monopoles in the 3D SU(2) gauge model can
be described by the Coulomb gas as in the cQED3 case. As for the 4D SU(2) model the
Abelian monopoles in this case can be described by the dual superconductor model.
We simulate numerically the pure SU(2) gauge model in three dimensions on 483 lattice
with the standard Wilson action S = −1/2∑P TrUP , where UP is the plaquette matrix
constructed from the gauge link fields, Ul. To study the Abelian monopole dynamics we
perform Abelian projection in the Maximally Abelian (MA) gauge [15] which is defined by
a maximization condition of the quantity R[U ] = Tr
∑
s,µ[Uµ(s)σ3U
†
µ(s+ µˆ)σ3],
max
Ω
R[U (Ω)] . (51)
with respect to SU(2) gauge transformations, U → U (Ω) = Ω†UΩ. The gauge fixing condi-
tion (51) is invariant under an Abelian subgroup of the SU(2) group. Thus the condition
(51) corresponds to the partial gauge fixing, SU(2)→ U(1).
After the MA gauge fixing, the Abelian {uµ(s)} and non–Abelian {U˜µ(s)} link fields are
separated U˜µ(s) = Cµ(s)uµ(s) where
Cµ(s) =


√
1− |cµ(s)|2 −c∗µ(s)
cµ(s)
√
1− |cµ(s)|2

 , uµ(s) =
(
eiθµ(s) 0
0 e−iθµ(s)
)
. (52)
The vector fields Cµ(s) and uµ(s) transform like a charged matter and, respectively, a gauge
field under the residual U(1) symmetry. Next we define a lattice monopole current (DeGrand-
Toussaint monopole) [20]. Abelian plaquette variables θµν(s) are written as
θµν(s) = θµ(s) + θν(s+ µˆ)− θµ(s+ νˆ)− θν(s) , (−4π < θµν(s) ≤ 4π). (53)
It is decomposed into two terms using integer variables nµν(s):
θµν(s) ≡ θ¯µν(s) + 2πnµν(s) , (−π < θ¯µν(s) ≤ π). (54)
Here θ¯µν(s) is interpreted as an electromagnetic flux through the plaquette and nµν(s) cor-
responds to the number of Dirac string piercing the plaquette. The lattice monopole current
is defined as
k(s) =
1
2
ǫνρσ∂νnρσ(s+ µˆ) . (55)
In order to get the lattice density for the monopoles of various sizes, b, we perform numer-
ically the blockspin transformations for the lattice monopole charges. The original model is
defined on the fine lattice with the lattice spacing a and after the blockspin transformation,
the renormalized lattice spacing becomes b = na, where n is the number of steps of the
blockspin transformations. The continuum limit is taken as the limit a→ 0 and n→∞ for
a fixed physical scale b.
The monopoles on the renormalized lattices (”extended monopoles”, Ref. [7]) have the
physical size b3. The charge of the n–blocked monopole is equal to the sum of the charges
of the elementary lattice monopoles inside the n3 lattice cell:
k(n)(s) =
n−1∑
i,j,l=0
k(ns + iµˆ+ jνˆ + lρˆ) .
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For the sake of simplicity we omit below the superscript (n) while referring to the blocked
currents. We perform the lattice blocking with the factors n = 1 . . . 12. All dimensional
quantities below are measured in units of the string tension σ. The values of the string
tension are taken from Ref. [21, 22].
In order to get rid of the ultraviolet artifacts we have removed the tightly–bound dipole
pairs from all configurations using a simple numerical algorithm. Namely, we remove a
magnetic dipole if it is made of a monopole and an anti-monopole which are touching each
other (i.e., this means that the centers of the corresponding cubes are located at the distance
smaller or equal than
√
3a). Note, that we first apply this procedure to the elementary a3–
monopoles, and only then we perform the blockspin transformations. Below we discuss the
results obtained for the monopole ensembles with the artificial UV–dipoles removed.
B. Parameters of the monopole gas
In Figure 3(a) we show the density of the squared monopole charges (without the UV
dipoles and normalized by the factor b2) as a function of the scale b for various blocking
factors, n. One can see that the b-scaling violations are very small. As the blocking size
b increases the slope of the ratio 〈k2s〉/b2 decreases in a qualitative agreement with the
prediction from the Coulomb gas model (23).
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FIG. 3: The density of the squared monopole charges, 〈k2s〉, with the UV dipoles removed. The
density is normalized (a) by b2 and (b) by b3. The fits by the function (18) are shown by dashed
lines for each value of the blocking step, n.
According to the prediction coming from the Coulomb gas model (23) the ratio 〈k2s〉/b3
should tend to a constant as b becomes smaller. This behavior can indeed be seen from
Figure 3(b). Note that at small values of b the b–scaling of the monopole density is violated.
This scaling violation is not unexpected due to the presence of the lattice artifacts at the
scale b ∼ a. In order to get artifact–free results we will use below large–b monopoles.
The values of the parameters of the Coulomb gas model in the continuum limit,
Eq. (2), can be obtained by fitting the numerical results for 〈k2s〉 by the theoretical pre-
diction (18),(15). Technically, for each value of the blocking step, n, we have a set of the
data corresponding to different values of the lattice coupling β, and, consequently, to differ-
ent values of b = n · a(β). Note that by fixing n we simultaneously fix the extension of the
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coarse lattice, L/n, in units of b. The size of the coarse lattice enters in Eq. (15). We fit the
set of the data for the fixed blocking step n. The best fit curves are shown in Figures 3(a)
and (b) by dashed lines. The quality of the fit is very good, χ2/d.o.f. ∼ 1.
The fits of the density provide us with the values of the continuum monopole density,
ρ(n), and the Debye mass, M
(n)
D , obtained for the fixed blocking n. These results are shown
(in units of the string tension) in Figures 4(a) and (b), respectively. We expect to get the
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0.16
ρ
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2
n
(n)
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n
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(a) (b)
FIG. 4: (a) The density of the continuum monopoles, ρ, and (b) the Debye screening mass, MD,
obtained with the help of the fits of the n–blocked squared monopole density by function (18). The
large–n extrapolation (56) is shown by solid lines.
artifact–free results in the limit of large b, or, in our case, in the limit of large n. Thus,
one may naturally expect that in the limit n → ∞ the values of ρ(n) and M (n)D converge
to the physical values: limn→∞O(n) = Oph, where O stands for either ρ or MD. We found
that the dependence of both ρ and MD on the blocking size n can be approximated by the
dependence
O(n) = Oph + const · n−2 , (56)
at n > 2 according to Figures 4(a,b). Using the extrapolation (56) we get the physical values
for the monopole density ρ and the Debye screening mass MD coming from the Coulomb
gas model (here and below we omit the superscript ”ph” for the extrapolated values):
ρ /σ3/2 = 0.174(2) , MD /σ
1/2 = 1.77(4) . (57)
The value of MD may be treated as the ”monopole contribution to the Debye screening
mass”.
In order to check whether the monopole dynamics can be described by the Coulomb gas
model (2) we construct the dimensionless quantity [3]
C =
MD σ
ρ
, (58)
which is known to be equal to eight (CCG = 8) in the low density limit of the Coulomb gas
model [17]. In Figure 5 we plot our numerical result for C as a function of n.
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FIG. 5: The same as in Figure 4 but for the ratio (58). The dashed line corresponds to the low
density limit of Coulomb Gas model [17], CCG = 8.
Using the large–n extrapolation (56) we get
C = 10.1(1) , i .e.
C
CCG
= 1.26(3) . (59)
The quantity C is about 25% larger than that predicted by the Coulomb gas model in the
low monopole density approximation, CCGsp = 8. The discrepancy is most likely explained by
the invalidity of the assumption that the monopole density is low. Indeed, the low–density
approach requires for the monopole density to be much lower than a natural scale for the
density, g6 (remember that the coupling g has the dimensionality mass1/2). The requirement
ρ≪ g6 can equivalently be reformulated as ρ/M3D ≫ 1, which means that the number of the
monopoles in a unit Debye volume, V olD = λ
3
D ≡M−3D , must be high. Taking the numerical
values for ρ and MD from Eq. (57) we get: ρ/M
3
D ≈ 0.03 ≪ 1. Thus, the low–density
assumption is not valid in the 3D SU(2) gluodynamics. However, the discrepancy of 25%
observed in the quantity C, Eq. (59), is a good signal that the Coulomb gas model may still
provide us with the predictions valid up to the specified accuracy.
One can compare our result for the monopole density, Eq. (57), with the result obtained
by Bornyakov and Grigorev in Ref. [23], ρBG = 2−7(1±0.02) g6. Using the result of Ref. [21],√
σ = 0.3353(18) g2, we get the value ρBG/σ3/2 = 0.207(5), which is close to our independent
estimation in the continuum limit (57): ρ/ρBG = 0.83(4). The result of Ref. [23] is about
20% higher than our estimation for the monopole density. Thus, although the condition of
the low monopole density approximation is strongly violated, the BFC method (based on
the dilute gas approximation) gives the value of the monopole density which is consistent
with other measurements.
It is interesting to compare the result for the screening mass (57) with the lightest glueball
mass measured in Refs. [21, 22], MO++ = 4.72(4)
√
σ. In the Abelian picture, the mass of
the ground state glueball obtained with the help of the correlator,
〈F 2µν(0)F 2αβ(R)〉 = const. e−MO++ R + . . . ,
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must be twice bigger than the Debye screening mass, 2MD/MO++ = 1, where the Debye
mass is given by the following correlator
〈Fµν(0)Fµν(R)〉 = const. e−MD R + . . . .
The comparison of our result (57) with the result of Refs. [21, 22] gives 2MD/MO++ = 0.75(4).
The deviation is of the order of 25% similarly to case of the quantity C.
Finally, let us compare our result for the monopole contribution to the Debye screening
mass, in Eq. (57), with the direct measurement of the Debye mass in 3D SU(2) gauge model
made in Ref. [24], m
SU(2)
D /
√
σ = 1.39(9). The values agree with each other within the 25
per cent: mD/m
SU(2)
D = 1.27(11). Approximately the same accuracy is observed in the four–
dimensional SU(2) gauge theory for the monopole contribution to the fundamental string
tension [25].
C. Short summary
The results of this Section indicate that the dynamics of the Abelian monopoles in the
three–dimensional SU(2) gauge model can be described by the Coulomb gas model. Using a
novel method called as the blocking of the monopoles from the continuum, we have calculated
the monopole density and the Debye screening mass in the continuum using the numerical
results for the (squared) monopole charge density. We have concluded that the Abelian
monopole gas in the 3D SU(2) gluodynamics is not dilute. The self–consistency check of our
results shows that the predictions of the Coulomb gas model for the monopole density and
the Debye screening mass are consistent with the known data within the accuracy of 25%.
V. STATIC MONOPOLES IN HIGH TEMPERATURE 4D GLUODYNAMICS
A. Details of simulations
Finite temperature system possesses a periodic boundary condition for time direction
and the physical length in the time direction is limited to less than 1/T . In this case it is
useful to introduce anisotropic lattices. In the space direction, we perform the blockspin
transformation and the continuum limit is taken as as → 0 and ns →∞ for a fixed physical
scale b = nsas. Here as is the lattice spacing in the space directions and ns is the blockspin
factor. In the time direction, the continuum limit is taken as at → 0 and Nt →∞ for a fixed
temperature T = 1/(Ntat). Here at is the lattice spacing in the time direction and Nt is the
number of lattice sites for the time direction. In general at 6= as (anisotropic lattice). After
taking the continuum limit, we finally get the effective monopole action which depends on
the physical scale b and the temperature T .
The anisotropic Wilson action for pure four-dimensional SU(2) QCD is written as
S = β
{1
γ
∑
s,i>j 6=4
Pij(s) + γ
∑
s,i 6=4
Pi4(s)
}
, (60)
Pµν(s) ≡ 1
4
Tr[1l− Uµ(s)Uν(s+ µˆ)U †µ(s+ νˆ)U †ν(s)] + h.c. (61)
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The procedure to determine the relation between the lattice spacings as, at and the param-
eters β, γ is described in Ref. [26].
The monopole current is defined similarly to the three–dimensional case,
kµ(s) =
1
2
ǫµνρσ∂νnρσ(s+ µˆ) . (62)
The monopole current satisfies the conservation law, ∂′µkµ(s) = 0.
At a finite temperature the blockspin transformation of the spatial and temporal currents
should be done separately [26]:
Kµ6=4(ss, s4) =
ns−1∑
i,j=0
nt−1∑
l=0
kµ6=4(nsss + (ns − 1)µˆ+ iνˆ + jρˆ, nts4 + l), (63)
K4(ss, s4) =
ns−1∑
i,j,l=0
k4(nsss + iµˆ + jνˆ + lρˆ, nts4 + (nt − 1)), (64)
where ns (nt) is the number of blocking steps in space (time) direction.
We consider only the nt = 1 case since we are interested in high temperatures for which
the monopoles are almost static. The lattice blocking is performed only in the spatial
directions, ns = 1 . . . 8, and we study only the static componentsK4 among the 4D monopole
currents Kµ (below we denote K4 as k.). At high temperature we disregard the spatial
currents Ki since they are not interesting from the point of view of the long–range non–
perturbative spatial physics. The size of the lattice monopoles is measured in terms of the
zero temperature string tension, σT=0.
B. Monopole action
First, let us discuss the action for the static monopole currents. This action at high
temperatures was found numerically in Ref. [26] using an inverse Monte–Carlo procedure.
It turns out that the self–interaction of the temporal currents can be successfully described
by the quadratic monopole action:
Smon(k) =
∑
i
fi Si(k) , (65)
where Si are two–point operators of the monopole currents corresponding to different sep-
arations between the currents. The term S1 corresponds to the zero distance between the
monopoles, S2 corresponds to the unit distance etc. (see Ref. [26] for further details). The
two–point coupling constants fi of the monopole action are shown in Figures. 6(a,b) as a
function of the distance between the lattice points. The numerical data corresponds to low-
est, T = 1.6Tc, and highest available temperatures, T = 4.8Tc. The spatial spacings of the
fine lattice, as, range from as = .16σ
−1/2 to as = .25σ
−1/2.
According to Eq.(16) the leading term in the monopole action for large lattice monopoles
(b≫ λD) must be proportional to the Coulomb interaction,
Smon(k) = CC ·
∑
s,s′
ksDs,s′ ks′ . (66)
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FIG. 6: Two–point coupling constants, fi, of the monopole action vs. the distance between the
lattice points, r (in lattice units) for ns = 6, various spatial spacings, as, of the fine lattice. The
temperature is (a) T = 1.6Tc and (b) T = 4.8Tc. The fits by the Coulomb interaction (66) are
visualized by the dashed lines.
To check this prediction we fit the coupling constants fi by the Coulomb interaction (66)
treating CC as a fitting parameter. The fits are visualized by the dashed lines in Fig-
ures 6(a,b). As one can see from the figures, this one-parametric fit works almost perfectly.
By fitting the action, we obtain the values of CC for a range of the lattice monopole
sizes, b
√
σ = .96 . . . 1.5 and the temperatures, T = (1.6 . . . 4.8)Tc. According to Eq.(16) the
pre–Coulomb coefficient CC(b, T ) at sufficiently large monopole size b ≫ λD must depend
on the lattice monopole size b as follows:
CC(b, T ) =
1
R(T ) b2
, (67)
where R is the product of the screening length and the monopole density
R(T ) = λD(T ) ρ(T ) . (68)
We present the data for the pre-Coulomb coefficient, CC(b, T ) and the corresponding
one-parameter fits (67) in Figure 7(a). The fit is one–parametric with R being the fitting
parameter. Again we observe that the agreement between the data for CC and the fits is
very good. We show the quantity R vs. temperature in Figure 7(b).
C. Monopole density
An independent information about the monopole dynamics can be obtained from the
behavior of the lattice monopole density at various lattice monopole sizes. According to
Eq.(23) the large-b asymptotics of the quantity 〈k2(b)〉/b2 can be used to extract the prod-
uct of the screening length and the continuum monopole density R, Eq.(68). We plot in
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FIG. 7: (a) The pre-Coulomb coupling CC and the fits of CC by Eq. (67) for various temperatures,
T . (b) The product of the screening length and the monopole density, Eq.(68), calculated from
the monopole action (in units of the string tension).
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FIG. 8: The ratio 〈k2(b)〉/b2 vs. lattice monopole size, b, at (a) T = 1.6Tc and (b) T = 4.8Tc.
Figures 8(a,b) the quantity 〈k2(b)〉/b2 vs. the lattice monopole size b for lowest and highest
available temperatures.
Our theoretical expectations (23) indicate that the function 〈k2(b)〉/b2 must vanish at
small monopole sizes and tend to constant at large b. This behavior can be observed in
our numerical data, Figure 8. The large-b asymptotics of 〈k2(b)〉/b2 allows us to get the
quantity [4] R in Eq. (68).
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D. Check of Coulomb gas picture
Let us denote Ract (Rρ) the quantity R obtained from the behavior of the monopole action
(density). From a numerical point of view these quantities are independent. Theoretically
we expect that these quantities are equal. To check the self–consistency of our approach we
plot the ratio of these quantities in Figure 9(a). It is clearly seen that the ratio is independent
of the temperature and very close (with 10%–15% deviations) to unity, as expected.
1 2 3 4 5 T/T
c
0
0.25
0.5
0.75
1
R a
ct
/R
ρ
1 2 3 4 5 T/T
c
0
4
8
C
sp
From density
From action
(a) (b)
FIG. 9: (a) Check of self–consistency: the ratio of the quantities R, Eq.(68) obtained from the
lattice monopole action and density; (b) Check of the dilute Coulomb gas picture: quantities Csp,
Eq.(69), calculated from the action and density.
A check of the validity of the Coulomb gas picture can be obtained with the help of the
quantity
Csp(T ) =
σsp(T )
λD(T ) ρ(T )
≡ σsp(T )
R(T )
, (69)
where σsp is the spatial string tension. This quantity is similar to the one discussed in
Eq. (58) in the previous Section. In the Abelian projection approach the spatial string
tension should be saturated by the contributions from the static monopoles. In the dilute
Coulomb gas of monopoles the string tension is [17]: σ = 8
√
ρ/gM while the screening length
is given by (3). These relations imply that in the dilute Coulomb gas of monopoles we should
get Csp = 8.
We use the results for the spatial string tension of Ref. [28] in the high temperature SU(2)
gluodynamics. It was found that for the temperatures higher than T ≈ 2Tc the spatial string
tension can be well described by the formula: σsp(T ) = 0.136(11) · g44D(T ) ·T 2, where g4D(T )
is the four–dimensional SU(2) 2–loop running coupling constant,
g−24D(T ) =
11
12 π2
log
( T
ΛT
)
+
17
44 π2
log
[
2 log
( T
ΛT
)]
,
with the scale parameter ΛT = 0.076(13) Tc. Taking also into account the relation between
the critical temperature and the zero–temperature string tension [29], Tc = 0.69(2)
√
σ we
22
calculate the quantity Csp and plot it in Figure 9(b) as a function of the temperature, T .
If the Coulomb picture works then Csp should be close to 8. From Figure 9(b) we conclude
that this is indeed the case at sufficiently high temperatures, T/Tc >∼ 2.5.
E. Short summary
The main result of this Section is that temporal currents of the Abelian monopoles in
the SU(2) gluodynamics at high temperatures can be described by the three dimensional
Coulomb model with a good accuracy. This result indicates that the non–zero value of
the three dimensional (spatial) string tension at high temperatures is due to the temporal
Abelian monopoles.
VI. MONOPOLE CONDENSATE IN 4D GLUODYNAMICS
Finally, let us consider the SU(2) gluodynamics at zero temperature. The value of the
monopole condensate η was previously estimated from the chromoelectric string analysis of
Ref. [27] to be η = 194(19) MeV. Below we determine the value of the monopole condensate
from the effective monopole action. We skip a description of the numerical simulations since
it is quite similar to the one discussed in previous Sections (we use the isotropic Wilson
action for the gauge fields and fix the Maximal Abelian gauge). We mention only the
explicit construction of the extended n3 monopoles
k(n)µ (s) =
n−1∑
i,j,l=0
kµ(ns+ (n− 1)µˆ+ iνˆ + jρˆ+ lσˆ) . (70)
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FIG. 10: The fits of the n = 6 monopole couplings by function (50).
We get the quadratic monopole action using the inverse Monte-Carlo simulations. The
definition of the couplings fi of the monopole action is quite similar to the three–dimensional
case discussed in previous Sections. The couplings are described in detail in Ref. [5]. We
illustrate the success of the method showing the fitting of the couplings by the theoretical
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prediction (50) in Figure 10. The best fit parameters obtained from the fits of different
couplings fi are very close to each other. This fact provides a nice self–consistency test
of our approach. The numerical value of the monopole condensate turns out to be η =
243(42) MeV. This value is very close to the value η = 194(19) MeV obtained in Ref. [27]
using a completely different method.
VII. CONCLUSIONS
The BFC method together with numerical simulations turns out to be a useful tool to
obtain non–perturbative information about the topological defects in the continuum limit.
The application of this method to the Abelian monopoles in SU(2) gauge model gives rise
to the following results:
1. In the three dimensional SU(2) gluodynamics the Abelian monopoles can be described
by the Coulomb gas model. The monopoles do not seem to be in the dilute gas regime.
Nevertheless, the continuum values of the monopole density (ρ = 0.174(2) σ3/2) and
the Debye screening mass (MD = 1.77(4) σ
1/2) – obtained with the help of the dilute
monopole gas model – are consistent within the accuracy of 25% with the known data
obtained from independent measurements.
2. In the four dimensional SU(2) gluodynamics the static Abelian monopoles can also
be described by the Coulomb gas model at high enough temperatures, T >∼ 2.5 Tc.
The monopoles form the dilute gas. The spatial string tension – obtained in indepen-
dent measurements – is consistent with the prediction of the monopole Coulomb gas
model. In other words, in the continuum the spatial string tension is dominated by
contributions from the static monopoles.
3. In the four dimensional zero–temperature SU(2) gluodynamics the value of the
monopole condensate, η = 243(42) MeV, was obtained in the framework of the dual
superconductor picture. This result is consistent with the result obtained previously
by an independent analysis.
Acknowledgments
This work is supported by JSPS Grant-in-Aid for Scientific Research on Priority Areas
13135210, 15340073, JSPS grant S04045, and grants RFBR 01-02-17456, DFG 436 RUS
113/73910, RFBR-DFG 03-02-04016 and MK-4019.2004.2.
[1] W. Bietenholz and U.J. Wiese Nucl. Phys. B464, 319 (1996); Phys. Lett. B 378, 222 (1996);
W. Bietenholz, Int. J. Mod. Phys. A 15, 3341 (2000)
[2] K. Symanzik, Nucl. Phys. B 226, 187 (1983); K. Symanzik, Nucl. Phys. B 226, 205 (1983);
B. Sheikholeslami and R. Wohlert, Nucl. Phys. B 259, 572 (1985); G. P. Lepage and
P. B. Mackenzie, Phys. Rev. D 48 (1993) 2250
[3] M. N. Chernodub, K. Ishiguro and T. Suzuki, in preparation.
24
[4] M. N. Chernodub, K. Ishiguro and T. Suzuki, JHEP 0309, 027 (2003).
[5] M. N. Chernodub, K. Ishiguro and T. Suzuki, “Determination of monopole condensate from
monopole action in quenched SU(2) QCD”, hep-lat/0308023, to be published in Phys. Rev.
D.
[6] S. Fujimoto, S. Kato and T. Suzuki, Phys. Lett. B 476, 437 (2000).
[7] T.L. Ivanenko, A.V. Pochinsky and M.I. Polikarpov, Phys. Lett. B252, 631 (1990).
[8] T. Suzuki, Nucl. Phys. Proc. Suppl. 30, 176 (1993); M. N. Chernodub and M. I. Polikarpov,
“Abelian projections and monopoles”, in ”Confinement, duality, and nonperturbative aspects
of QCD”, Ed. by P. van Baal, Plenum Press, p. 387, hep-th/9710205;
R.W. Haymaker, Phys. Rept. 315, 153 (1999).
[9] H. Shiba and T. Suzuki, Phys. Lett. B 351, 519 (1995) N. Arasaki, S. Ejiri, S. i. Kitahara,
Y. Matsubara and T. Suzuki, Phys. Lett. B 395, 275 (1997). M. N. Chernodub, S. Fuji-
moto, S. Kato, M. Murata, M. I. Polikarpov and T. Suzuki, Phys. Rev. D 62, 094506 (2000);
K. Yamagishi, T. Suzuki and S. i. Kitahara, JHEP 0002, 012 (2000);
[10] G. ’t Hooft, in High Energy Physics, ed. A. Zichichi, EPS International Conference, Palermo
(1975); S. Mandelstam, Phys. Rept. 23, 245 (1976).
[11] Y. A. Simonov, Phys. Usp. 39, 313 (1996) [Usp. Fiz. Nauk 166, 337 (1996)]; “Nonperturbative
QCD: Confinement and deconfinement”, hep-ph/0211330; D. S. Kuzmenko, V. I. Shevchenko
and Y. A. Simonov, “The QCD vacuum, confinement and strings in the vacuum correlator
method”, arXiv:hep-ph/0310190.
[12] G. ’t Hooft, Nucl. Phys. B190, 455 (1981).
[13] M. N. Chernodub, M. I. Polikarpov, A. I. Veselov, Phys. Lett. B 399, 267 (1997); Nucl. Phys.
Proc. Suppl. 49, 307 (1996);
A. Di Giacomo and G. Paffuti, Phys. Rev. D 56, 6816 (1997).
[14] T. Suzuki and I. Yotsuyanagi, Phys. Rev. D42, 4257 (1990);
G. S. Bali, V. Bornyakov, M. Mu¨ller-Preussker and K. Schilling, Phys. Rev. D54, 2863 (1996).
[15] A. S. Kronfeld, M. L. Laursen, G. Schierholz and U. J. Wiese, Phys. Lett. B198, 516 (1987);
A. S. Kronfeld, G. Schierholz and U. J. Wiese, Nucl. Phys. B293, 461 (1987).
[16] S. Ejiri, S.I. Kitahara, Y. Matsubara and T. Suzuki, Phys. Lett. B343, 304 (1995);
S. Ejiri, Phys. Lett. B376, 163 (1996).
[17] A.M. Polyakov, Nucl. Phys. B120, 429 (1977).
[18] V. G. Bornyakov, M. N. Chernodub, F. V. Gubarev, M. I. Polikarpov, T. Suzuki, A. I. Veselov
and V. I. Zakharov, Phys. Lett. B 537, 291 (2002).
[19] S. Maedan and T. Suzuki, Prog. Theor. Phys. 81, 229 (1989); T. Suzuki, Prog. Theor. Phys.
81, 752 (1989).
[20] T. A. DeGrand and D. Toussaint, Phys. Rev. D22, 2478 (1980).
[21] M. Teper, Phys. Lett. B 311, 223 (1993).
[22] M. J. Teper, Phys. Rev. D 59, 014512 (1999); Phys. Lett. B 397, 223 (1997).
[23] V. Bornyakov and R. Grigorev, Nucl. Phys. Proc. Suppl. 30, 576 (1993).
[24] F. Karsch, M. Oevers and P. Petreczky, Phys. Lett. B 442, 291 (1998).
[25] G. S. Bali, V. Bornyakov, M. Muller-Preussker and K. Schilling, Phys. Rev. D 54, 2863 (1996).
[26] K. Ishiguro, T. Suzuki and T. Yazawa, JHEP 0201, 038 (2002).
[27] F. V. Gubarev, E. M. Ilgenfritz, M. I. Polikarpov, T. Suzuki, Phys. Lett. B 468, 134 (1999).
[28] G.S. Bali et al, Phys. Rev. Lett. 71, 3059 (1993).
[29] J. Fingberg, U. Heller and F. Karsch, Nucl. Phys. B392, 493 (1993).
